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Reduced Hamiltonian Dynamics for
a Rigid Body/Mass Particle System

Craig A. Woolsey∗
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Three equivalent reduced-dimensional Hamiltonian systems that model a rigid body in a perfect fluid coupled to
a moving-mass particle are presented. These Hamiltonian systems describe the dynamics of an underwater vehicle
with a moving-mass actuator or a flexible internal appendage. The systems include, as a special case, models for
a spacecraft coupled to a moving mass. The Hamiltonian models are noncanonical; the structure of Hamilton’s
equations is defined by the Poisson tensor, a generalization of the symplectic matrix from classical mechanics. The
three models presented trade complexity of the generalized inertia tensor for complexity of the Poisson tensor. One
model has a highly coupled inertia tensor and a block-diagonal Poisson tensor, whereas another has a highly coupled
Poisson tensor and a block-diagonal inertia tensor. Two cases are considered. The first is that of an unconstrained
mass particle. The second is that of a mass particle constrained to move in a linear track. Examples are included
to illustrate the use of these models for nonlinear stability analysis.

Nomenclature
bi = i th basis vector for body frame
C f = hydrodynamic coupling matrix
Ci = Casimir function
ei = i th basis vector for R

3

G = input matrix
g = acceleration caused by gravity
H = angular momentum about inertial origin
H = Hamiltonian
h = angular momentum about body origin
� = generalized inertia
Ii = i th basis vector for inertial frame
Jb = rigid-body inertia
J f = added inertia
M f = added mass (a matrix)
m = mass of displaced fluid
mb = mass of body
m p = mass of particle
P = inertial linear momentum (inertial frame)
p = inertial linear momentum (body frame)
R = body to inertial rotation
Rp = relative particle position (inertial frame)
rcg = body center of gravity
rp = relative particle position (body frame)
rp1 = e1 · rp

T = kinetic energy
U = potential function
u = input; force applied to particle by body
v = body translational velocity (body frame)
vp = inertial velocity of particle (body frame)
vp1 = e1 · vp

ṽp = vp − v
ṽp1 = e1 · ṽp

X = inertial position of body origin
Xp = inertial position of particle
z = state vector for a Hamiltonian system
γ = RT I3; direction of gravity (body frame)
η = generalized velocity
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Λ = Poisson tensor
ν = generalized momentum
ω = body angular velocity (body frame)
0 = column vector of three zeros
0 = 3 × 3 matrix of zeros
1 = 3 × 3 identity matrix
123 = 1 − e1eT

1∇() = gradient of a function (treated as a column vector)

Subscripts

b = rigid body
b/f = rigid body/fluid system
b/p = rigid-body/mass particle system
f = fluid
p = mass particle
sys = rigid-body/fluid/mass particle system

I. Introduction

I NTERNAL degrees of freedom can influence a vehicle’s dynam-
ics, either adversely or advantageously, in complicated ways.

Simple models for the coupled dynamics can provide insight into
the system’s behavior. For example, a model for an aircraft with a
mass particle oscillator has been used to show that fuel slosh can
excite undesired lateral-directional dynamics.1 Similarly, a mass
particle model for oscillating fuel slag in a solid rocket engine has
provided a plausible explanation for a coning instability observed in
some orbit transfer boosters.2 Damped point-mass oscillators serve
as precession or nutation dampers in gyrostats, an application that
leads to some intriguing problems in dynamical systems theory.3,4

Internal moving elements can also provide actuation. Internal
actuators offer advantages over conventional actuators that make
them appealing in many vehicle applications. In space applications,
internal actuators are useful because they can be powered using
readily generated electricity rather than costly propellant. For ex-
ample, moving-mass actuators have recently been proposed as a
cost-effective means for precision orbit regulation for spacecraft
flying in formation.5 Prismatic actuators intended for other uses,
such as deploying solar arrays, can also be used to effect maneuvers
as described in Ref. 6. Internal actuators are appealing for atmo-
spheric reentry vehicles because they are impervious to the high
temperatures and forces of hypersonic reentry.7,8 For underwater
vehicles, internal actuators are appealing because they can be used
at low velocity, where fins lose control authority.9 Moreover, be-
cause they are housed within the hull they are not susceptible to
corrosion and biological fouling, which can incapacitate external
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actuators. One intriguing application for moving-mass control in
underwater vehicles is the underwater glider, a winged underwater
vehicle that propels itself by alternately adjusting its center of mass
and its net weight.10

This paper develops three reduced-dimensional Hamiltonian
models for a rigid-body interacting with a moving-mass particle in
a perfect fluid. Two cases are considered: a mass particle whose mo-
tion is unconstrained and a mass particle that is confined to move
along a linear track. Reduction is possible because of symmetry
in the dynamic equations. This symmetry corresponds to arbitrary
translations of the inertial frame and rotations about the direction
of gravity. Although these models are presented with an eye toward
underwater vehicle applications, they are also relevant for space and
atmospheric applications.

The force of interaction between the body and mass particle is
treated as an input, although this “control force” can generally be
interpreted as any force of interaction. In the absence of external
forces and moments, the total energy is conserved. Moreover, be-
cause the control force is internal, total momentum is conserved
for any choice of control. These observations are useful for control
design and in studying stability of steady motions.

Each mathematical model presented here takes the form of an
underactuated, noncanonical Hamiltonian control system. Suppose
the state of a certain system is described by the state vector z. If the
system is Hamiltonian, its dynamics can be expressed in terms of
a bilinear, skew-symmetric operation known as the Poisson bracket
{· , ·}. This operation takes smooth functions F(z) and G(z) and
generates a new smooth function according to the relation

{F(z), G(z)} = ∇F T Λ(z)∇G

The skew-symmetric Poisson tensor Λ defines the structure of
Hamilton’s equations. For a canonical Hamiltonian system, in
which z is the vector of generalized coordinates and conjugate mo-
menta, the Poisson tensor corresponds to the matrix J in symplectic
notation.11

Let H(z) be the Hamiltonian. Then the rate of change of
any smooth function F(z) is Ḟ = {F,H}. In particular, we have
żi = {zi ,H}, where zi is the i th component of z. Alternatively, one
can write

ż =Λ(z)∇H(z)

Note that Ḣ= {H,H} = 0 by skew symmetry of Λ, confirming that
the Hamiltonian is conserved. Moreover, any smooth function C(z)
whose gradient lies in the null space of Λ is conserved because
this implies that {C,H} = 0. Such a function is called a Casimir.
Two Casimirs are called independent if their gradients are linearly
independent. Conserved quantities, such as the Hamiltonian and
Casimir functions, are useful in studying stability of steady vehicle
motions. See Ref. 12 for a thorough discussion.

The general form of a noncanonical Hamiltonian control system
is

ż =Λ(z)∇H(z) + G(z)u (1)

where u denotes a vector of control inputs depending on time and
possibly the state z. Hamiltonian control systems exhibit structure,
which can be exploited for stability analysis and control design. Spe-
cial tools for stability analysis include formal methods for construct-
ing Lyapunov functions, such as the energy-Casimir method.12 Such
techniques are valuable because nonlinear stability of Hamiltonian
systems cannot generally be determined through spectral analysis.
Special tools for nonlinear control design include algorithms that
shape the total energy and the dynamic structure represented by the
Poisson tensor.13,14

A general transformation theory for noncanonical Hamiltonian
control systems is presented in Ref. 15; however, the theory pro-
vides little guidance for choosing the actual transformation. In this
paper, the various models reflect physically meaningful choices in
the representation of kinetic energy. The Hamiltonian models pre-
sented here trade complexity of the Hamiltonian for complexity of

the Poisson tensor. This tradeoff can make one particular model
more or less useful than another for a given application. Indeed,
as illustrated in Ref. 15, having alternative Hamiltonian represen-
tations available can greatly simplify nonlinear control design and
stability analysis.

The paper is organized as follows. Section II describes the case
where the mass particle is unconstrained. Three reduced Hamil-
tonian models are presented corresponding to three views of the
system state. Section II ends with an example involving stability of
steady translation of a streamlined underwater vehicle. In Sec. III,
the special case of a mass particle constrained to a linear track is
considered. Again, three models are presented. These correspond,
to some extent, with those presented in Sec. II; however, the results
presented in Sec. III are not a trivial special case. Section III ends
with an example involving stability of steady major axis rotation
of a spacecraft with a spring-mass oscillator. Section IV provides
some concluding remarks.

II. Unconstrained Mass Particle
Figure 1 depicts a rigid body and a mass particle immersed in an

ideal fluid. A reference frame with orthonormal basis (I1, I2, I3) is
fixed in inertial space. Another reference frame with orthonormal
basis (b1, b2, b3) is fixed in the body. The proper rotation matrix R
transforms free vectors from the body reference frame to the inertial
reference frame. The inertial vectors X and Xp locate the origin
of the body frame and the mass particle, respectively, in inertial
space. Throughout the paper, lowercase boldfaced characters will
represent vectors expressed in the body frame. Uppercase boldfaced
characters will represent vectors expressed in the inertial frame.
Exceptions, such as the rotation matrixR, will be clear from context.

A. Kinematics
Let the body frame vectors ω and v represent, respectively, the

angular and linear velocity of the body with respect to inertial
space. Define the operator ˆ by requiring that âb = a × b for vec-
tors a, b ∈ R

3. In matrix form,

â =




0 −a3 a2

a3 0 − a1

−a2 a1 0




The kinematic equations for the body are

Ṙ= Rω̂ (2)

Ẋ = Rv (3)

Let the body vector vp denote the velocity of the mass particle with
respect to inertial space. The kinematic equation for the mass particle
is

Ẋp = Rvp (4)

Fig. 1 Rigid body and mass particle in a fluid.
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Now let the inertial vector Rp = Xp − X denote the position of the
mass particle relative to the origin of the body frame. Define the body
vector ṽp = vp − v. An alternative kinematic equation for the mass
particle is

Ṙp = Rṽp (5)

Finally, define rp = RT Rp to be the vector Rp expressed in the body
frame. Differentiating, and using Eqs. (2–4), gives a third kinematic
equation for the mass particle:

ṙp = ṘT
Rp + RT (Ẋp − Ẋ)

= −ω× rp + vp − v (6)

Rearranging Eq. (6) gives the familiar expression for the velocity
vp of a point expressed in a rotating reference frame. The three rep-
resentations vp , ṽp , and ṙp of the mass particle velocity correspond
to three Hamiltonian models for the reduced system dynamics.

B. Dynamics
Buoyancy and gravity play important roles in underwater vehicle

dynamics. A buoyant force −mgI3 acts on the body at its center of
buoyancy (c.b.). For convenience, the c.b. is taken to be the origin
of the body reference frame. A gravitational force mbgI3 acts on
the body at its c.g. The c.g. location is given, in the body frame,
by the vector rcg. A gravitational force m pgI3 acts on the particle
of mass m p . Here and throughout, it is assumed that the combined
body/particle system is neutrally buoyant, that is,

m = mb + m p

This assumption preserves translational symmetry.
Let the body vector u denote the control force applied to the mass

particle by the body, where u is chosen to preserve symmetries in the
system dynamics. Let the inertial vector Hb/f represent the angular
momentum of the body/fluid system about the origin of the iner-
tial frame. Similarly, let the inertial vector Pb/f represent the linear
momentum of the body/fluid system. Finally, let the inertial vector
Pp represent the linear momentum of the mass particle. Assuming
that no external forces or moments act, other than those caused by
gravity and buoyancy, the dynamic equations in the inertial frame
are

Ḣb/f = (X + Rrcg) × (mbgI3) + X × (−mgI3) − Xp × Ru (7)

Ṗb/f = (mb − m)gI3 − Ru (8)

Ṗp = m pgI3 + Ru (9)

Notice in the equation for Ṗb/f that the body experiences a vertically
upward force of magnitude m pg, whereas, in the equation for Ṗp the
mass particle experiences a vertically downward force of the same
magnitude. When the two are coupled together through some phys-
ical actuator, for example, these two external forces will generally
cancel. The moment caused by the separation between the c.b. and
c.g. will remain, however.

Now let the inertial vector Hsys represent the angular momentum
of the combined body/fluid/particle system about the origin of the
inertial frame:

Hsys = Hb/f + Xp × Pp

Similarly, let the inertial vector Psys represent the linear momentum
of the combined system:

Psys = Pb/f + Pp

In terms of these momenta, Eqs. (7–9) become

Ḣsys = (X + Rrcg) × (mbgI3) + X × (−mgI3) + Xp × m pgI3 (10)

Table 1 Velocities, conjugate momenta, and inertia tensors

η ν �b/p(ω

v

vp

) (hb/f

pb/f

pp

) ( Jb mb r̂cg 0

−mb r̂cg mb1 0

0 0 m p1

)

(ω

v

ṽp

) (hb/f

psys

pp

) ( Jb mb r̂cg 0

−mb r̂cg m1 m p1

0 m p1 m p1

)

(ω

v

ṙp

) (hsys

psys

pp

) ( Jb − m p r̂p r̂p mb r̂cg + m p r̂p m p r̂p

−mb r̂cg − m p r̂p (mb + m p)1 m p1

−m p r̂p m p1 m p1

)

Ṗsys = 0 (11)

Ṗp = m pgI3 + Ru (12)

Notice on the right-hand side of Eq. (10) that the torque as a result of
the internal force u has vanished, replaced by the torque as a result
of the weight of the mass particle. Because the system is neutrally
buoyant, all external forces vanish in Eq. (11).

To obtain reduced Hamiltonian models for the system dynamics,
the equations are reexpressed in the body frame. To keep the pre-
sentation brief, it is convenient to define some unifying notation.
Let η represent one of the generalized velocity vectors shown in
the left-most column of Table 1. Let �b/p represent the generalized
inertia tensor in the corresponding row. Then the kinetic energy of
the rigid-body/particle system is

Tb/p = 1
2η

T �b/pη (13)

Kirchhoff studied the irrotational motion of an unbounded volume
of perfect fluid caused by the motion of an immersed rigid body.16

He showed that the kinetic energy imparted to the fluid by the body’s
motion takes the form

T f = 1

2

(
ω

v

)T (
J f C f

CT
f M f

)(
ω

v

)

where
(

J f C f

CT
f M f

)
=

(
J f C f

CT
f M f

)T

> 0

The component submatrices J f , M f , and C f represent added inertia,
added mass, and hydrodynamic coupling between the translational
and rotational motion of the rigid body. These terms account for
the energy necessary to accelerate the fluid around the body as it
moves. Analytic expressions for these terms can be obtained, for
simple shapes, as described in Ref. 17.

Define the generalized added inertia tensor

� f =




J f C f 0

CT
f M f 0

0 0 0


 (14)

so that

T f = 1
2η

T � f η (15)

The total kinetic energy of the system is T = Tb/p + T f .
With the total kinetic energy expressed with respect to the body

frame, one can derive expressions for body momenta. The general-
ized momentum ν, which is conjugate to η, is

ν = ∂T

∂η
= (�b/p + � f )η (16)

Depending on the specific form of η and �b/p chosen from Table 1,
the components of ν represent different momentum quantities.
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In the following subsections, the various dynamic equations
(7–12) are reexpressed in terms of body momenta. There are three
sets of equations, each corresponding to a different parameterization
(vp , ṽp , or ṙp) of the mass particle velocity. In Sec. II.C, these three
sets of equations will be recognized to have certain symmetries that
allow the system dimension to be reduced.

1. Body-Frame Dynamic Equations Using vp

Referring to the generalized momentum vector ν given in the first
row of Table 1, the inertial and body-frame momenta are related as
follows:

Hb/f = Rhb/f + X × Pb/f, Pb/f = Rpb/f, Pp = Rpp (17)

To obtain the equations of motion in the body frame, differentiate
Eqs. (17) and substitute the kinematic expressions (2) and (3) where
appropriate. Substituting on the left from Eqs. (7–9) and rearranging
gives

ḣb/f = hb/f ×ω + pb/f × v + rcg × mbg
(
RT I3

) − rp × u

ṗb/f = pb/f ×ω + (mb − m)g
(
RT I3

) − u

ṗp = pp ×ω + m pg
(
RT I3

) + u (18)

2. Body-Frame Dynamic Equations Using ṽp

Referring to the generalized momentum vector ν given in the
second row of Table 1, one finds

Hb/f = Rhb/f + X × (Psys − Pp)

Psys = Rpsys, Pp = Rpp (19)

Differentiating Eqs. (19) and using the kinematic equations (2) and
(3) and the inertial dynamics (7), (11), and (12) give a second set of
dynamic equations in the body frame:

ḣb/f = hb/f ×ω + psys × v − pp × v + rcg × mbg
(
RT I3

) − rp × u

ṗsys = psys ×ω, ṗp = pp ×ω + m pg
(
RT I3

) + u (20)

3. Body-Frame Dynamic Equations Using ṙp

Referring to the generalized momentum vector ν given in the
third row of Table 1,

Hsys = Rhsys + X × Psys, Psys = Rpsys, Pp = Rpp (21)

Table 2 Poisson tensors, input matrices, and Casimirs

z Λ G C1 C2 C3




hb/f

pb/f

γ

rp

pp







ĥb/f p̂b/f γ̂ r̂p p̂p

p̂b/f 0 0 1 0

γ̂ 0 0 0 0

r̂p −1 0 0 1

p̂p 0 0 −1 0







−r̂p

−1

0

0

1


 (pb/f + pp) · (pb/f + pp) γ · (pb/f + pp) γ · γ




hb/f

psys

γ

rp

pp







ĥb/f p̂sys γ̂ r̂p p̂p

p̂sys 0 0 0 0

γ̂ 0 0 0 0

r̂p 0 0 0 1

p̂p 0 0 −1 0







−r̂p

0

0

0

1


 psys · psys γ · psys γ · γ




hsys

psys

γ

rp

pp







ĥsys p̂sys γ̂ 0 0

p̂sys 0 0 0 0

γ̂ 0 0 0 0

0 0 0 0 1

0 0 0 −1 0







0

0

0

0

1


 psys · psys γ · psys γ · γ

Differentiating Eqs. (21) and using the kinematic equations (2) and
(3) and the inertial dynamics (10–12) give a third set of dynamic
equations in the body frame:

ḣsys = hsys ×ω + psys × v + rcg × mbg
(
RT I3

) + rp × m pg
(
RT I3

)

ṗsys = psys ×ω, ṗp = pp ×ω + m pg
(
RT I3

) + u (22)

C. Reduced Hamiltonian Models
Three sets of body-frame dynamic equations were described in

Sec. II.B, corresponding to three representations (vp , ṽp , and ṙp) of
the point-mass velocity. Each set of equations exhibits symmetry un-
der arbitrary translations of the inertial frame and arbitrary rotations
of the inertial frame about the direction of gravity. As a consequence,
it is not necessary to retain the complete set of kinematic equations
in order to express the dynamics. Because of translational symme-
try, for example, the inertial position of the body plays no role in
the dynamic equations; as far as the dynamics are concerned, one
can disregard the translational kinematic equation (3). The inertial
position of the mass particle is also irrelevant; however, its position
relative to the body certainly matters. Because of rotational symme-
try about the inertial vertical direction, the dynamic equations do
not require full attitude information. Define the body vector

γ = RT I3 (23)

which is simply the direction of gravity expressed in the body frame.
Because the external forces and torques appearing in the dynamic
equations depend only on γ, one can replace the matrix differential
equation (2) with the simpler rotational kinematic equation

γ̇ =γ ×ω

Define the Hamiltonian

H(z) = 1
2ν

T
(
�b/p + � f

)−1
ν − (mbgrcg + m pgrp) · γ (24)

where three possible choices of ν and �b/p are given in Table 1 and
where z is given in the corresponding row of Table 2.

Proposition 2.1: The coupled motion of a rigid body and a mass
particle in an ideal fluid is described by the noncanonical Hamilto-
nian control system (1). Three such models correspond to the three
choices of generalized velocity η and generalized inertia tensor �b/p

given in Table 1. For each model, the Hamiltonian H is given by
Eq. (24). The state vector z, the Poisson tensor Λ, and the input
matrix G are given in the row of Table 2, which corresponds to the
choice of η and �b/p in Table 1. Three independent Casimirs for each
of these three models are given in Table 2.
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Straightforward computations verify that the Hamiltonian models
given in Proposition 2.1 correspond to the dynamic equations given
in Sec. II.B. The proof is omitted.

Remark 2.2: As explained in Sec. I, a Casimir function is one
whose gradient lies in the null space of Λ. Because there are three
independent Casimirs for the system in Proposition 2.1, the 15 × 15
Poisson tensor Λ has at most rank 12. In fact, Λ has exactly rank
12 for generic values of z. Whereas the Hamiltonian is conserved
when u = 0, the Casimirs are conserved even when u �= 0. They
correspond to inertial momentum conservation laws, which are un-
affected by internal forces. The rank deficiency of Λ reflects these
inertial conservation laws in the reduced-dimensional dynamics.

Remark 2.3: One can include a conservative internal force
u = −∇U (rp) in the Hamiltonian formulation of Proposition 2.1.
Such a force couples the mass particle dynamics to those of the
body. The potential function U (rp) is simply appended to the
Hamiltonian (24).

Remark 2.4: The Hamiltonian model defined by the last row in
Tables 1 and 2 is related to the unconstrained, reduced Lagrangian
system described in Ref. 18. The Lagrange–Poincaré equations
given there were derived through a formal reduction process in
which the dynamics are recognized to be invariant under the ac-
tion of a Lie group. See Ref. 12 or 19 for a discussion of Lagrangian
and Hamiltonian reduction and the special role of Lie groups.

Remark 2.5: In the absence of gravity, weight and buoyancy van-
ish, and the system exhibits symmetry under arbitrary translations
and rotations of the inertial reference frame. In this case, γ is su-
perfluous, and the dimension of the system reduces further. The
dynamics are still Hamiltonian in the sense of Eq. (1); however, the
dimensions of Λ and G drop by three, and the Hamiltonian becomes
simply the kinetic energy:

H = 1
2ν

T
(
�b/p + � f

)−1
ν

The special case of a rigid spacecraft with a moving point mass is
obtained by setting � f equal to zero. Because γ is no longer a state
component, the Casimirs C2 and C3 vanish. The square magnitude
of linear momentum C1 remains a Casimir, and a new Casimir is
generated:

C4 = (hb/f + rp × pp) · (pb/f + pp)

= (hb/f + rp × pp) · psys

= hsys · psys

D. Example Application
As an example, consider the problem of stabilizing steady long-

axis descent of a prolate spheroid using a moving point mass and
potential-shaping feedback. The example, which first appeared in
Ref. 20, is intended as a simple illustration of moving mass con-
trol and the utility of Hamiltonian models for this purpose. More
meaningful and sophisticated applications are being investigated.

For a prolate spheroid with the body frame fixed in the ellip-
soid principal axes, the added inertia matrix J f and the added mass
matrix M f are diagonal, and the hydrodynamic coupling matrix
C f vanishes. If one assumes that the mass of the body is uni-
formly distributed, then rcg = 0, and the inertia matrix Jb is diag-
onal. Assume that the axis of axial symmetry is the b3 axis. Then
M f = diag(m1, m1, m3), where m1 > m3 > 0.

Define the potential-shaping control law

uint = − Krp

where K = diag(k1, k2, k3) is a control gain matrix parameterizing
the artificial potential function

U (rp) = 1
2 rT

p Krp

If K were a multiple of the identity, then uint would be a central force.
In this case, the “actuator” might be a simple spherical pendulum

with a linear spring. As stated in Proposition 2.1 and Remark 2.3,
the closed-loop system is Hamiltonian with

HU (z) = 1
2ν

T (�b/p + � f )
−1ν − m pgrp · γ + 1

2 rT
p Krp

The Hamiltonian dynamics are

ż =Λ(z)∇HU (z)

where z and Λ are chosen, for example, from the first row of Table 2.
Consider the equilibrium

hb/f |eq = 0, pb/f |eq = (mb + m3)v
0
3e3

γ |eq = e3, rp |eq = (m pg/k3)e3, pp |eq = m pv
0
3e3 (25)

where k3 > 0. This equilibrium corresponds to steady descent at
speed v0

3 with the b3 axis vertical and with the point mass m p “hang-
ing” a distance m pg/k3 below the c.b.

One may find conditions for nonlinear stability using the
energy-Casimir method.12 This involves constructing a function
H� = HU + �(C1, C2, C3), which has a strict minimum or maxi-
mum at the equilibrium. The function H� is conserved by construc-
tion, so that it is automatically a Lyapunov function.

Proposition 2.6: The equilibrium (25) is stable if

k3 < k̄3 = (m pg)2

(m1 − m3)
(
v0

3

)2
, ki >

k̄3k3

k̄3 − k3

, for i = 1, 2

Proof: A Lyapunov function for the equilibrium (25), obtained
using the energy-Casimir method, is

H�(z) =HU (z) − v0
3C2 + 1

2 (m + m3)
(
v0

3

)2
(1 + k̄3/k3)C3

− 1
2

[
(m pg)2

/
k3

]
(C3 − 1)2

The terms C2 and C3 are the Casimirs given in the first row of
Table 2. Nonlinear stability of the equilibrium follows from
Lyapunov’s direct method. �

The energy-Casimir method only provides a sufficient condition
for stability. Failure to construct a Lyapunov function does not imply
that the equilibrium is unstable. The process of constructing such a
function can be more or less difficult depending on the choice of ν
and �b/p. For this example, choosing ν and �b/p from the first row of
Table 1 made the analysis straightforward. This choice corresponds
to a decoupled view of the body/fluid and particle kinetic energies.

The result in Proposition 2.6 is reminiscent of stability results in
Ref. 21, where it was shown that long-axis descent of a bottom-
heavy prolate spheroid is stable provided the (fixed) c.g. is suffi-
ciently low. In the present context, this requirement corresponds to
making the “spring stiffness” k3 sufficiently small. Intuitively, the
remaining gains k1 and k2 should be large enough to prevent large
lateral oscillations of the point mass.

III. Mass Particle Constrained to a Linear Track
This section considers the case of a mass particle, which is con-

strained to move along a linear track fixed with respect to the body.
Without loss of generality, assume that this track is parallel to the b1

axis (see Fig. 2). In the interest of brevity, derivations of the equa-
tions of motion are omitted. For the special case of a spacecraft,
the equations are derived in Ref. 22. Section II provides sufficient
guidance to generalize this derivation to the case of an underwater
vehicle.

A. Reduced Hamiltonian Models
In this section, we redefine η so that its final component is the

scalar component of mass particle velocity along the track. Thus
η becomes 7 × 1 rather than 9 × 1 (see Table 3). Once again, �b/p

represents the generalized inertia tensor, now 7 × 7. We also redefine
� f by removing the last two rows and columns of zeros in Eq. (14).
The kinetic energy of the system is

T = 1
2η

T (�b/p + � f )η
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Table 3 Velocities, conjugate momenta, and inertia tensors

η ν �b/p

( ω

v

vp1

) 


h̄

p̄

pp1







Jb − m p r̂p123 r̂p mb r̂cg + m p r̂p123 0

−mb r̂cg − m p123 r̂p mb1 + m p123 0

0T 0T m p




( ω

v

ṽp1

) 


h̄

psys

pp1







Jb − m p r̂p123 r̂p mb r̂cg + m p r̂p123 0

−mb r̂cg − m p123 r̂p m1 m pe1

0T m peT
1 m p




(ω

v

ṙ p1

) (hsys

psys

pp1

) 


Jb − m p r̂p r̂p mb r̂cg + m p r̂p m p r̂pe1

−mb r̂cg − m p r̂p m1 m pe1

−m peT
1 r̂p m peT

1 m p




Fig. 2 Rigid body and a
moving mass-particle con-
strained to a linear track.

The generalized momentum ν, which is conjugate to η, is given,
once again, by Eq. (16). The overbar in some of the components
of ν denotes that the given momentum term includes contributions
from the body’s motion, the fluid’s motion, and the mass particle’s
motion in directions orthogonal to the track.

Proceeding as in Sec. II.B, one can express the dynamics in the
body frame using any one of the three generalized momentum vec-
tors ν given in Table 3. Each set of dynamic equations exhibits sym-
metry under arbitrary translations of the inertial frame and arbitrary
rotations of the inertial frame about the direction of gravity. In each
case, the dynamics can be expressed as a noncanonical Hamiltonian
control system in the form (1).

Define the Hamiltonian

H(z) = 1
2ν

T (�b/p + � f )
−1ν − (mbgrcg + m pgrp) · γ (26)

where it is understood that only the first element of rp can vary with
time.

Proposition 3.1: The coupled motion of a rigid body in a fluid
and a mass particle constrained along a linear track, as just outlined,
is described by the noncanonical Hamiltonian control system (1).
Three such models correspond to the three choices of generalized
velocity η and generalized inertia tensor �b/p given in Table 3. For
each model, the HamiltonianH is given by Eq. (26). The state vector
z, the Poisson tensor Λ, and the input matrix G are given in the row
of Table 4, which corresponds to the choice of η and �b/p in Table 3.
Three independent Casimirs for each of these models are given in
Table 5.

Remark 3.2: Because there are three independent Casimirs for
the system in Proposition 3.1, the 11 × 11 Poisson tensor Λ has at
most rank eight. In fact, Λ has exactly rank eight for generic values
of z (see Remark 2.2).

Remark 2.5 applies here, as well. In the absence of gravity, the
system dimension reduces further. Letting � f be zero gives the equa-
tions for a rigid spacecraft with a mass particle confined to move
along a track.

B. Example Application
The following example, which also appeared in Ref. 23, consid-

ers nonlinear stability of steady major axis rotation of a rigid body
with a spring-mass oscillator. Because of its practical implications
for spacecraft with precession or nutation dampers, this problem is

Table 4 Poisson tensors and input matrices

z Λ G




h̄

p̄

γ

rp1

pp1







ˆ̄h + ̂(
r̂p pp1 e1

) ˆ̄p + pp1 ê1 γ̂ r̂pe1 0

ˆ̄p + pp1 ê1 0 0 e1 0

γ̂ 0 0 0 0

−eT
1 r̂p −eT

1 0T 0 1

0T 0T 0T −1 0







−r̂pe1

−e1

0
0
1







h̄

psys

γ

rp1

pp1







ˆ̄h + ̂(
r̂p pp1 e1

)
p̂sys γ̂ r̂pe1 0

p̂sys 0 0 0 0

γ̂ 0 0 0 0

−eT
1 r̂p 0T 0T 0 1

0T 0T 0T −1 0







−r̂pe1

0
0
0
1







hsys
psys
γ

rp1
pp1







ĥsys p̂sys γ̂ 0 0

p̂sys 0 0 0 0

γ̂ 0 0 0 0

0T 0T 0T 0 1

0T 0T 0T −1 0







0

0
0
0
1




Table 5 Casimir functions

ν C1 C2 C3


h̄

p̄

pp1


 ( p̄ + pp1 e1) · ( p̄ + pp1 e1) γ · ( p̄ + pp1 e1) γ · γ




h̄

psys

pp1


 psys · psys γ · psys γ · γ

(hsys

psys

pp1

)
psys · psys γ · psys γ · γ

Fig. 3 Rigid body and a moving point mass.

well studied (see Ref. 24 and references therein). Despite consider-
able attention, however, there appears to be no proof, prior to this
example, of nonlinear stability.

Figure 3 depicts a rigid body and two point masses. A reference
frame is fixed at the c.g. of the rigid body. The reference frame is
chosen to coincide with the principal axes of inertia so that the rigid-
body inertia tensor J̃b is diagonal. A point mass m p is fixed at the
point r0 = [0, 0, −�]T , with respect to the body reference frame.
Another point mass m p is located at rp = [rp1 , 0, �]T ; this point
mass moves, under the influence of a force u, along a track parallel
to the b1 axis. The mass of the complete system is m. We assume
that this system operates in a vacuum (� f is zero) and away from the
effects of gravity.
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Referring to the generalized inertia tensor �b/p in the third row of
Table 3, the combined inertia of the rigid body, the fixed point mass,
and the moving point mass is

Jb − m p r̂2
p = J̃b − m p r̂2

0 − m p r̂2
p

=




J1 0 −m p�rp1

0 J2 + m pr 2
p1

0

−m p�rp1 0 J3 + m pr 2
p1




where

J1 = J̃1 + 2m p�
2, J2 = J̃2 + 2m p�

2, J3 = J̃3

We will assume that J1 > J2 and J1 > J3.
The system kinetic energy is 1

2η
T �b/pη, where η is also given in

the third row of Table 3. Suppose, as in Remark 2.3, that we define

U (rp1) = 1
2 kr 2

p1

and let

u = − dU

drp1

= − krp1 (27)

This internal force can correspond to the linear spring force in a
precession damper, for example, where k > 0 is the spring’s stiffness.
The closed-loop dynamics are Hamiltonian with respect to

HU (z) =H(z) + U (rp1)

We consider stability of the equilibrium motion

hsys |eq = h0
1e1, psys |eq = 0, rp1 |eq = 0, pp1 |eq = 0

(28)

This equilibrium corresponds to steady rotation about the b1 axis.
Spectral stability of this equilibrium, in the special case of a mass-
spring damper, is discussed in Ref. 22. Even with damping, how-
ever, the symmetries in the system dynamics produce eigenvalues on
the imaginary axis. Spectral analysis is therefore inconclusive with
regard to nonlinear stability. An attempt was made in Ref. 25 to
construct a Lyapunov function for this equilibrium in an approach
similar to the energy-Casimir method. Because not all conserva-
tion laws were accounted for in the analysis, however, the resulting
function was only positive semidefinite; the question of nonlinear
stability was not fully resolved.

Recall that, in the special case being considered, the functions

C1 = psys · psys = ‖psys‖2, C4 = hsys · psys

are Casimirs (see Remark 2.5). If psys is initially zero, it remains
so for all time. In this case, there exists another conserved quantity
called a “subcasimir”:

C5 = hsys · hsys

The gradient of this function is in the null space of Λ whenever
C1 = 0. More generally, however, this function is not conserved.

When psys = 0, the dimension of the invariant surface (or “leaf”)
on which the dynamics evolve loses dimension. The equilibrium (28)
is called nongeneric because an arbitrarily small perturbation in psys

raises the dimension of this surface. Here, we will assume that per-
turbations are restricted to preserve psys = 0. Thus, we will consider
“leafwise stability” of the equilibrium (28). To extend conclusions
about stability to include perturbations in total linear momentum,
one can use the approach described in Ref. 26.

Proposition 3.3: If J1 > J2 and J1 > J3, then the equilibrium (28)
is leafwise stable if

k >
(m p�)2

J 2
1 (J1 − J3)

(
h0

1

)2

Proof: The equilibrium is a minimum of the Lyapunov function

H�(z) =HU (z) + (1/2M)C1 − (1/2J1)C5

where M is any constant satisfying

1

2M
>

{
J1

(
m p

m − m p

)
m p�

2 − (
J2 − m p�

2
)

×
[

J1 − J2 +
(

m

m − m p

)
m p�

2

]}/

{
(m − m p)

[
J2 −

(
m

m − m p

)
m p�

2

]

×
[

J1 − J2 +
(

m

m − m p

)
m p�

2

]}

Nonlinear stability of the equilibrium follows from Lyapunov’s
direct method. �

Spectral analysis shows that the condition in Proposition 3.3 is
sharp in the sense that the equilibrium is unstable if the inequality
is reversed. Thus, while steady, major axis rotation is stable with a
sufficiently stiff spring mass; this motion becomes unstable when
the spring is too weak.

The Lyapunov function in the proof of Proposition 3.3 was con-
structed using the energy-Casimir method. Unlike the example in
Sec. II.D, the stability analysis was more convenient using the
Hamiltonian model with a coupled inertia tensor (and a block diag-
onal Poisson tensor).

IV. Conclusions
Three reduced-dimensional Hamiltonian models were presented

for a rigid body interacting with a moving-mass particle. Two cases
were considered. In the first, the mass particle was unconstrained.
In the second, the mass particle was constrained to move along a
linear track fixed within the body. The various Hamiltonian models
trade off complexity of the kinetic energy tensor for complexity of
the Poisson tensor. Example applications were included to illustrate
the utility of these models in analyzing nonlinear stability of steady
motions. The first example involved feedback stabilization of steady
streamlined descent of a prolate spheroid with a point-mass actuator.
Because the feedback control law was based on potential shaping,
the closed-loop system remained Hamiltonian. In this example, it
was most convenient to use a model with a block-diagonal general-
ized inertia tensor. The second example involved stability of steady
major axis rotation of a spacecraft with a spring-mass oscillator.
Conditions on the parameters for nonlinear stability were obtained
along with a Lyapunov function proving that the conditions are suf-
ficient. In this example, it was most convenient to use a model with
a coupled inertia tensor. To the author’s knowledge, this example
provides the first proof of Lyapunov stability for the steady motion
considered.

In each of the two cases considered, the three models can be shown
to be equivalent using recently developed transformation theory for
noncanonical Hamiltonian control systems. The existence of equiv-
alent models is valuable for control design and stability analysis. In
analyzing nonlinear stability, for example, failure to construct a Lya-
punov function for a given steady motion does not imply instability;
a choice of Hamiltonian models gives one a greater opportunity
to prove stability. The question is how to choose among available
Hamiltonian models. Unfortunately, the existing transformation the-
ory provides little guidance. In this paper, the transformations arose
from the three most natural representations of the point-mass ve-
locity. For more general systems, it might be valuable to develop
guidelines for selecting a transformation based on a particular con-
trol design or analysis objective.
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